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Abstract 

We propose quantum Painleve systems of type These systems, for / = 1 

and / > 2, should be regarded as quantizations of the second Painleve equation 
and the differential systems with the affine Weyl group symmetries of type ^[^^ 
studied by M. Noumi and Y. Yamada ^Hl; respectively. These quantizations enjoy 
the affine Weyl group symmetries of type as well as the Lax representations. 

The quantized systems of type A^^^ and type ^4^^ (/ = 2n) can be obtained as the 
continuous limits of the discrete systems constructed from the affine Weyl group 
symmetries of type A^2^ and respectively. 
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1 Introduction 



The Painleve equations Pj (J = I,..., VI) were discovered by P. Painleve and B. Gam- 
bier in the classification of second-order nonlinear ordinary differential equations without 
movable singular points in their solutions jH]- It is established by K. Okamoto that 
the Painleve equations Pn, Pm, Pjv, Py, and Pyi have the affine Weyl group symmetries 
of type A^^\ C2^\ A^2 \ ^3^\ ^^nd .04^'', respectively, as the group of Backlund transfor- 
mations |Tn|. He also revealed the Hamiltonian structures for the Painleve equations 
completely, namely, we can consider the Painleve equations as Hamiltonian systems with 
affine Weyl group symmetries. Therefore, a question naturally arises: Does there exist a 
quantization of Painleve equations with affine Weyl group symmetries? What we mean by 
the quantization is the canonical quantization, that is, a Poisson bracket will be replaced 
with a commutator. The present paper aims to answer this problem affirmatively. 

More on backgrounds. A. P. Veselov and A. B. Shabat studied the dressing chains 
(in], and noticed that they can be considered as higher analogues of Pjv and Py. Using 
the dressing chains, V. E. Adler introduced the symmetric form of the fourth Painleve 
equation Piv ^Ij. Independently, using the invariant divisors of Piv, M. Noumi and Y. 
Yamada introduced the symmetric form of the fourth Painleve equation Piv Jl]. The 
symmetric form of Piv enables us to clarify the structure of the affine Weyl group sym- 
metry. Consequently, generalizing the Backlund transformations of the symmetric form 
of Piv, M. Noumi and Y. Yamada succeeded in constructing a new representation of the 
Coxeter group associated with an arbitrary generalized Cartan matrix ^2]- Moreover, 
they proposed nonlinear ordinary differential systems with the affine Weyl group sym- 
metry of type Ap'* (/ > 2) [13 . These differential systems are equivalent to Piv and Pv 
for / = 2 and / = 3, respectively, and they have polynomial Hamiltonians 13j and Lax 
representations 

Let us formulate our main theorem. For Z = 1, let /Ci be the skew field over C with 
generators /o, /i, /2, ao? Q^i; h and the fundamental relations 



[A, /o] =2/1/2, [fo, f2] = [f2, fl] = h, (1.1) 

[f],a,] = [h,a,] = 0, (1.2) 

[f^,h] = 0, (1.3) 

and for each / = 2, 3, . . ., let )Ci be the skew field over C with generators fi, ai {0 < i < I) , 
h, and the fundamental relations 

[h,h+i] = h, [/,,/,] =0 ij^t±l), [h,a,]=0, (1.4) 

[a„a,] = [h,f,] = [h,aj]=0 (0 < < /), (1.5) 



where the indices 0,1,...,/ are understood as elements of Z/ (/ + 1)Z. Then, the quanti- 
zation problem of the Painleve systems of type A\^^ can be solved as follows: 

Theorem 1.1 Let the C-derivation d of ICi be defined as in Definition \2. !A The genera- 
tors of JCi satisfy the following relations: 
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(0) For I = 1, 



5/0 = /0/2 + /2/0 + tto, = -/1/2 - /2/1 + tti, <9/2 = /i-/o, (1-6) 

dai = {i = 0,l), dh = 0. (1.7) 

(1 ) Forl = 2n (n>l ), 



dfi — fi I ^ fi+2r~l I — ( ^ fi+2r \ fi 
\l<r<n / \l<r<n J 



+ ai, (l.t 



dai = (0 < i < /), dh = 0. (1.9) 
(2) Fori = 2n + l (n>l), 

dfi =fi I ^ fi+2r-lfi+2s I — I ^ fi+2rfi+2s+l | /i 
\l<r<s<n / \l<r<s<n J 

V l<r<n / l<r<n 

= (0 < i < /), a/i = 0, (1.11) 

where k = + ■ ■ ■ + ai. 

Theorem 1.2 The C-derivation d commutes with the action of the extended affine Weyl 
group W = {sq, . . . , S;, vr) of type A[^^ defined in Proposition\ 



In the classical case /i = 0, when / = 1, the quantum system ()1.6|) . ()1.7p is nothing 
but the classical second Painleve equation, and when / > 2, the quantum systems ()1.8p . 
(II. 9|) and (|l.l(Jj) . (|l.lip are nothing but the classical systems proposed by M. Noumi and 
Y. Yamada. We call these systems the quantum Painleve systems of type a[^\ 

Apart from the above mentioned works on the Painleve equations, the Painleve equa- 
tions can be formulated in the general theory of monodromy preserving deformation 
jH]. As for the quantization of monodromy preserving deformation, only the cases of 
Poincare rank (namely, the regular singular case) and Poincare rank 1 at the infinity 
are known. Let us briefly mention the works which are relevant to these cases. 

The Schlesinger equations can be viewed as deformation equations that preserve the 
monodromy of the rational connection d/dz — ^"=1^1/(2 — -2?) (A ^ ^/+i,z+i(C)) with 
regular singularities. N. Reshetikhin introduced the generalized Knizhnik-Zamolodchikov 
equations and noticed that the original system of the Knizhnik-Zamolodchikov equations 
is a quantization of Schlesinger equations [iH] (see also P). In the case of Poincare 
rank 1 at the infinity where the rational connection is d/dz — [A + Y2^=iBi/{z — Zi)] 
{A,Bi G Afi+i_i+i(C)), a quantization is constructed (P], |lj). 

The classical differential systems for dHH), dTTj) dfl)), dO)) and (fTTIH) . (irTT|l describe 
monodromy preserving deformations of rational connections with irregular singularity of 
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Poincare rank 3 (/ = 1), 2 (/ > 2) at 2; = 00. In Proposition I2.1()( we establish that the 
quantum Painleve systems of type A[^^ have the Lax representation. 

This paper is organized as follows. In Section|21 we define the Hamiltonian of the quan- 
tum Painleve systems of type ^4^''. We will also redefine the quantum Painleve systems 
of type a[^^ in terms of the Hamiltonian and establish the affine Weyl group symmetry. 
Moreover, we introduce a quantum canonical coordinate and rewrite the quantum Painleve 
systems of type A[^^ into the Heisenberg equations and show that the quantum Painleve 
systems of type a[^^ have Lax representations. In Section El we construct a discrete sys- 
tem from the action of the extended affine Weyl group of type A[^^ which is defined in 
Subsection 12. 2t and take the continuous limit of the discrete system for / = 2, 2n + 1. 
When / = 2, we obtain the quantum second Painleve equation as the continuous limit, 
and when / = 2?t, + 1, we obtain the quantum Painleve systems of type A^2ri- See Remark 
13.51 for the discrete system whose continuous limit is the quantum Painleve systems of 

type ^2n+l- 



2 Quantum Painleve systems of type A^^^ 

For Z = 1, we can define the skew field JCi over C with the generators 

/o,/i,/2,ao,ai,/i, (2.1) 

and the following relations 

[/i,/o] =2/1/2, [foj2] = [f2ji]=h, (2.2) 
[f„a,] = [h,a,] = 0, (2.3) 
[f^,h] = 0, (2.4) 

and for each / = 2, 3, . . ., we can define the skew field /C; over C with the generators 

Ua, iO<t<l),h (2.5) 

and the following relations 

[f\,f\+i] = h, [/,,/,] =0 (jV^±1), =0, (2.6) 

[a„ a,] = [h, fj] = [h, aj] =0 (0 < 2, j < /), (2.7) 

where the indices 0,1,...,/ are understood as elements of Z/(/ + 1)Z. We will also 
identify the generators Oq, . . . ,ai with the simple roots of the affine root system of type 
A\^K The associative algebra defined with the above relations is an Ore domain, and /C; 
is its quotient skew field (see, for example, Chapter 1, Section 8). 
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2.1 Hamiltonian 

Let us begin with the Hamiltonian which reproduces the quantum Painleve systems of 
type A\^\ In the classical case h = 0, this Hamiltonian is nothing but the polynomial 
Hamiltonian for the classical Painleve system of type A[^\ Accordingly, we follow the 
notation of [13]. 

For each i = 1, . . . ,1, we denote by vjt the i-th fundamental weight of the finite root 
system of type Ai, 



^ i I 

— {(/ + 1 - z) ^ ra^ + i (/ + 1 - r)ar} 



l + - 

r=l r=i+l 
I 



^(min{z, r} - ^— Y)ar (2.^ 



- + 

and set wq = 0. 

Put T = Z/{1 + 1)Z. For each subset Ci^m := {i, i + I, ■ ■ ■ , i + m — 1} (m G Z>o, m < I) 
of r, we define x(C'j,m) by 

xiCtm) := tui - tu,+i + ■■■ + (2.9) 

For each proper subset C = ]J • Ci^mi (disjoint union) of P, we define x{C) by 

X{C)■.= J2xiC^,n..), (2.10) 

i 

where we assume that the intersection of Ci^mt+i and Cj^mj is empty for i j. Then, we 
call each Cj^m^ a connected component of C with length rrii. 

For each d = 1, ...,/ + 1, let S'^ be the set of the subset i^' C P, such that \K\ = d, 
and the length of each connected component of r\K is even. 

For Ci^rn, we set 

/Ci,m = fifi+l ■ ■ ■ fi+m-l- (2-11) 

For each K = jj^ d^rn, G (rf = 1, ...,/), we define fx by 



fK = \{fc.,^^: (2.12) 



where Ci,mi is a connected component of K. Note that we do not define fx for K G Si^i. 
Definition 2.1 We define the Hamiltonian Hq for the quantum Painleve systems of type 

a\^^ (Eg), n~m) as follows.- 

(1) For even I: 

. fM2 + hf, + Y.KesM^\K)fK (^ = 2), 
H^={ (2.13) 

E/.e53 fK + Ei.e5. x{T\K)fK (/ = 2n,n> 2). 
5 



(2) For odd I: 



^ |(/o/l + /l/o)+«l/2 



(/ = 1) 

/0/1/2/3 + hhh + Ex65. x{^\K)fK + (Eli(-i)'-'^O' 

(/ = 3), 

Ex.5, + Ex,5. x{^\K)fK + (Eli(-i)'-^t^.)' 

(/ = 2ra + l,n > 2). 



(2.14) 



Constant terms ^E!=i(~1)' ^^j^ ()2.14j) are so chosen that has the invariance 
under the affine Weyl group action ()2.28|) (see Proposition 12. 7|) . 

Example 2.2 The explicit forms Hq for / = 2, 3, 4, 5 are as follows: 
Fori = 2: 

Ho = /0/1/2 + hfi + ^{ai - a2)/o + ^("i + 2a2)/i - ^(2ai + a2)f2- 



For I 



Ho = /0/1/2/3 + /i/1/2 + ^(tti + 2^2 - az)fofi + ^(ai + 2^2 + 'ia^)fif2 
- ^(3ai + 2^2 + a3)/2/3 + ^(ai - 2^2 - a3)/3/o + ^(ai + as)^ 

For / = 4.- 

Ho = /0/1/2 + /1/2/3 + 72/3/4 + /3/4/0 + /4/0/1 + ^(2ai - a2 + «3 - 2a4)/o 

5 

+ -{2ai + 4^2 + as + 3q;4)/i - -(3ai + 0^2 - 0:3 + 2a4)/2 
5 5 

+ -(2q;i - 0:2 + as + 3a4)/s - -(3ai + a2 + 4a;s + 204) f 4. 
5 5 

For 1 = 5: 



Ho — /0/1/2/3 + /1/2/3/4 + /2/3/4/5 + fzfif^fo + /4/5/0/1 + /5/0/1/2 

+ ^(ai + 2^2 + a4 - a5)/o/i + ^(ai + 2^2 + 3as + a4 + 2a^)fif2 

1 1 

- 2(2ai + a2 - a4 + a5)/2/s + -(ai - a2 + a4 + 2a5)/s/4 

1 1 

- 3(2"! + "2 + 3as + 2a4 + a5)/4/5 + -(ai - a2 - 2^4 - a5)/5/o 

1 1 

+ -(ai - a2 + a4 - a5)/o/3 + -(ai + 2^2 + a4 + 205) /1/4 

- ^(2ai + a2 + 2^4 + a5)/2/5 + ^(ai + as + as)^. 



Definition 2.3 Put k = ao + ■ ■ ■ + ai. 

(1) For I = l,2n, we define the C-derivation d of ICi as follows: 

dfi = ^[Ho,fi]+S,,ok, (2.15) 
dai = ^[Ho,al (0<z</), dh = ^[Ho,h]. (2.16) 

(2) For I = 2n + 1, we define the C-derivation d of Ki as follows: 

df, = ^[Ho, /.] - {-ly^f^ + S,,okxo, (2.17) 
dai = ^[Ho,ai] iO<t<l), dh = ^[Ho,h], (2.18) 

where xq = /o + /2 H h fi-i- 

We can check that d is the C-derivation of )Ci and that xo is a central element of ICi 
from the definition of JCi. 

Proof of Theorem 11.11 Case 1 = 1: It is straightforward to show that the right hand 
side of ()2.15|) equals to the right hand side of p.6|) from the definition ()2.14|) . 
Case I > 2: For each i = 0, ... ,1, we can define the C-derivation di of /C/ by 

difj = 5ij, d,a,=0, dih = 0. (2.19) 

Then, for any G /C; we have 

[/„ if] = h{di+i - di-i)^. (2.20) 

Using the derivation di, we compute [i^o, fi\- For the cases where / = 2, 3, we can easily 
calculate [HqJ,] from the definition TTT^ . TU^ . and then from (j^TKll . and fl^TTjl . we 
obtain the relations (|1.8|) . (ll.lUj) . respectively. We now consider the case where / = 2n 
(n > 2). For C C F, we define Sd{C) by 

Sd{C) ■.= {K^C\ \K\ = d, C\K = W a,„J. (2.21) 



rrii-.even 



From the definition ()2.13|) . we compute j; [Hq, fi] as follows: 

[Ho,f4 = {d,^i-d,+i)Ho 



h i 

1 

= E f^- E fK + x{r\{^-l})-x{r\{^ + l}) 

KeS2{r\{i-i}) KeS2(r\{i+i}) 



^r=l / \r=l 



Thus, we obtain the relations ()1.8p . We can prove the case where / = 2n + 1 (n > 2) in a 
similar way. [] 
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Remark 2.4 The relations in il.f^} and the I + 1 relations in il.^} (as well as in M.lf^) ) 

are dependent among themselves. Namely, it holds that 

d{h + h + f2)=k {1 = 1), (2.22) 
^{^J^=^ (^ = 2n), (2.23) 

Y.fA=2^f^'^^ d[Y.f^^+A = 2^f^r+^ (/ = 2n + l). (2.24) 

r=0 / r=0 \r=0 / r=0 

2.2 AfRne Weyl group symmetry 

We will establish the affine Weyl group symmetry for the quantum Painleve system of 
type Af'\ which generalizes the symmetry for the classical system. Let A = {aij){ j^Q be 

the generalized Cartan matrix of type a\^^ 

an = 2, ai,i±i = -1, aij = {j j^i,i±l), (2.25) 

and let U = (Mij)ij=o tie the matrix defined by 

7x,,i±i = ±l, Ui, = {j j^i±l). (2.26) 

Proposition 2.5 We can define automorphisms sq, . . . , s^, vr G Autc }Ci as follows: 
(1) Fori = 1, 



■So(/o) — fo, Soifl) — fl — fl-h 72' ^oUi) — f2 + 

Jo Jo Jo Jo 

„2 



Sl(/o) = /o + /27^ + 7^/2 - Si(/i)=/i, Si(/2) = /2-^, 

Jl Jl Jl Jl 



■So(«o) = — tto, so(ai) = «i + 2ao, si(ao) = «o + 2ai, si(ai) = — ai, 

7r(/o) = fl, vr(/i) = /o, 7r(/2) = -/2, vr(ao) = "i, vr(ai) = Oq, 

So(/i) = si(/i) = 7r(/i) = /i. (2.27) 

(2) For I > 2, 

Ji 

^ifj) = fj+i, ^(«.) = 7i{h) = h, (2,jGZ/(/ + l)Z). (2.28) 

Theorem 2.6 T/ie automorphisms SQ,...si,n define a representation of the extended 
affine Weyl group W = (sq, . . . s/, vr) of type A[^\ Namely, they satisfy the commuta- 
tion relations 

5^ = 1, {siS,f = l (j = «±l), SiS,=s,Si (jV^±1), (2.29) 
vr'+i = 1, TiSi = Si+iTT, (2.30) 

where for I = 1 they satisfy the commutation relations except {siSjY = 1. 
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We can prove Proposition j2.5l and Theorem 12.61 bv direct computations. Note that the 
extended affine Weyl group W = W y<i {l,7i, . . . , vr'} is the extension of the ordinary affine 
Weyl group W = {sq, . . . ,si) by the cychc group generated by the diagram rotation vr. 

The automorphisms so, ■ ■ ■ ,si act on the Hamiltonian Hq as follows. We shall deal 
with the action of the automorphism vr on the Hamiltonian Hq in the Appendix. 

Proposition 2.7 With respect to the action ofW, the Hamiltonian Hq has the following: 
(1) Forl = l,2n, 

Si{Ho) = Ho + S,,ok^ {t = 0,...,l). (2.31) 
Jo 



(2) Forl = 2n+l, 



s,{Ho)=Ho + 6,,oAo (2 = 0,...,/). (2.32) 
Jo 



In particular, the Hamiltonian Ho is invariant with respect to the action of the Weyl group 
WiAi) = {s,,...,si). 

We prove this proposition through direct computations. For practical computations, 
it is convenient to use the Demazure operators Aj (i = 0, . . . , /) defined by 

Aiiif) = -is.iif) - if) (ipeJCi). (2.33) 
ai 

From the above definition we can easily show that Aj {i = 0, . . . ,1) satisfy the following 
relations: 

A,(<^^) = A,(^)^ + s,(<^)A,(V') (<^,^G/CO, (2.34) 
A,(«,,) = -2, A,(ai±i) = l, A,(a,)=0 {jy^t,t±l), (2.35) 

1 

'T' 



A,(/i) = 0, A,(/,±i) = ±-, A,(/,)=0 ij^t,i±l). (2.36) 



Proof of Proposition 12.71 For the case where I = 1, we can easily calculate Sj(ifo) 
{i = 0, 1) and obtain the formulas (j2.31|) . 

For the cases where / = 2,3, we can easily calculate Aj(ifo) and obtain the formulas 
fl2.31|) and ()2.32p . respectively. In the case where / = 2n (n > 2), we compute Aj(ifo) as 
follows: 

^4 E + E x{T\K)fA 

= ^i{fi-lfifi+l) + Aj I fifi+l''^^fi+2r ) + ^« I fi+2rfi+2s+l 



r=l / \ l<r<s<n— 1 
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'n-1 



+2r+lfi-lfi I + fi+2rfi+2s+lfi-l 
\r=l J \l<r<s<n-l 

+ E Mx{r\K))fK + 3.(x(r\{^ + 1}))^ - 3.(x(r\{. - 1}))} 

n—1 ^ n—1 

= ( — + fi-1 7") + /«+2r + Y ^ fi+2rfi+2s+l — ^ /i+2r+l 

■'^ r=l l<r<s<n-l r=l 

- J2 /^+2./.+2s+i J + (x(r\{^ + 1}) + a,)j ~ (x(r\{z - 1}) - a,) J 

l<r<s<n-l •'^ •^^ •'^ 

2n 

r=l 

= y + - 2roi + ti7i+i)y = y + (oj + <5i,o^)y = ^j,ofcy- 

Ji Ji Ji Ji Ji 

Consequently, we obtain the formula ()2.3H) . We can prove the case where I = 2n + 1 
(n > 2) in a similar way. [] 

Proof of Theorem 11.21 This theorem immediately follows from the definition (j2.15j) . 
(EHj), and Proposition O □ 

2.3 Quantum canonical coordinate and Heisenberg equation 

In the same manner as in the classical case, we introduce a quantum canonical coordinate 
for the quantum Painleve system of type a[^\ We discuss the cases of A^^\ A'^^u and 
A^2n+i separately. 

Case aS^^ Let a new quantum coordinate system be defined by 

{q;p;x) = ih-j2-Jo + fi + f2)- (2.37) 

It is easy to show that 

[p,q] = h, [p,x] = [q,x]=0. (2.38) 

Ho can be rewritten as a non-commutative polynomial H = H{q] p; x) in the quantum 
canonical coordinate {q]p]x). Then, we see that the quantum Painleve system of type 
^4^^^ fll.6|) is equivalent to the Heisenberg equations 

dq = ^[H,q], dp = ^[H,p], dx = k, (2.39) 

Case A'^^: We define a new quantum coordinate system 

{q;p;x) = (gi, . . . , g„; pi, . . . , x), (2.40) 
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using the following formulas 

i 

Qi = /2i, Pi = ^ /2r-l (i = 1, . . . , n), (2.41) 

r=l 

x = fo + fi + --- + fi. (2.42) 
The inverse of this coordinate transformation is given by 

n 

fo = X - ^Qr - Pn, fl= Pu f2 = Ql, (2.43) 

r=l 

/2i-i = Pi - Pi-1, f2i = Qi {i = 2,...,n). (2.44) 

It is easy to show that 

[Pi,qj] = h6ij, [qi,qj] = [puPj] = [pi,x] = [qi,x] = 0, (2.45) 

for i,j = l,...,n. By (I2.43|) and (j2.44j) . Hq can be rewritten as a non-commutative 
polynomial H = H{q;p;x) in the quantum canonical coordinate {q;p;x). Then, we see 
that the quantum Painleve system of type a\^^ ()1.8|) is equivalent to the Heisenberg 
equations 

dqi = -[H,qi], dpi = -[H,pi], dx = k, (2.46) 

where i = 1, . . . ,n. 



Case A^2n+i- Note that from (jT24|l . by putting 

hr = Xof2r, hr+1 = Xq^ f2r+l (r = 0, 1 , . . . , u) , (2.47) 

we obtain 

Of, = ^[HoJ^]+ 5,^0x1 (z = 0,l,...,2n + l). (2.48) 
We introduce a new coordinate system 

(g; p; x) = (gi, . . . , pi, . . . , g„; Xq, Xi) (2.49) 
by the following formulas: 



qi = Xof2i, Pi = XQ^^f2r-i (z = l, ...,n), (2.50) 

r=l 

X0 = f0 + f2 + --- + f2n, = /i + /s + ■ ■ ■ + /2„+l. (2.51) 

The inverse of this coordinate transformation is given by 

n 

/o = Xo - Xq^ ^ qr, fi = XoPu f2 = XQ^qi, (2.52) 

r=l 
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f2i-i = Xo{pi - Pi^i), f2i = XQ^qi {i = 2,...,n). (2.53) 

It holds that 

[pi, Qj] = h6ij, [qi, qj] = [pi,Pj] = 0, (2.54) 

\pi,Xo] = [qi,Xo] = [pi,xi] = [qi,xi] = [xo,Xi] = 0, (2.55) 

for i,j = l,...,n. By (I2.52j) and (|2.53|) . Hq can be rewritten as a non-commutative 
polynomial H = H{q;p;x) in the quantum canonical coordinate {q;p;x). Then, we see 
that the quantum Painleve system of type A[^^ (I1.1(J|) is equivalent to the Heisenberg 
equations 

1 1 k k 

dqi = -[H,qi], dpi = -[H,pi], dxo = -xo, dxi = -xi, (2.56) 

where i = 1, . . . ,n. 

The above results can be summarized as follows. 

Theorem 2.8 (1) The quantum Painleve system of type l\l.b]) and of type A^2l ^lHW 
is equivalent to the Heisenberg equations: 

dqi = ^[H,qi], dpi = ^[H,pi], dx = k, (2.57) 

where i = 1 (1 = 1) and i = 1, . . . ,n (I >2). 

(2) The quantum Painleve system of type ^2n+i (0113) ^■^ equivalent to the Heisenberg 
equations: 

1 1 k k 

dqi = -[H,qi], dpi = -[H,pi\, dxo = -xq, dxi = -xi, (2.58) 

where i = 1, . . . , n. 



2.4 Lax representation 

The classical Painleve systems of type A[^^ arise from the compatibility condition of 
the linear problem ^j, namely, we have the Lax representations for those systems. In 
this subsection, we show that the quantum Painleve systems of type A[^^ also have Lax 
representations. 

Let Ai be the skew field over C with the generators 

/o,/i,/2,Mi,M2,eo,ei,/i,t (2.59) 

and the following relations 

[/i, /o] = 2hf2, [/o, /2] = [/2, fi] = h, (2.60) 
[ui, fo] = [fo, U2] = [ui, fi] = [/i, U2] = h, (2.61) 
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/2] = [m2, /2] = [/i, e,-] = [/i, e,-] = [i, e,-] = 0, (2.62) 

[fi,h]^[Ut]^0, (2.63) 

and let Ai {I > 2) be the skew field over C with the generators 

fi,Ui,ei, {0<t<l),t,h, (2.64) 

and the following relations 

[fi, fi+i] = [fi, Ui+i] = [ui, fi] = h, (2.65) 

[/.,A] = {j^i±l), [f,,e,] = [u,,e,] = [t,ej]^[h,ej]^0, (2.66) 

[/„ t] = [ui, t] = [/,, h] = [ui, h] = [t, h] = 0, (2.67) 

fi - fi+i = Ui- Ui+2, (2.68) 

/o + /i + • • • + = t, (2.69) 
with indices understood as elements in Z/ {I + 1)Z. 

Definition 2.9 Let ^([-z] be the polynomial ring, and we define the elements L,B & 
Mi+i^i+i{Ai[z]) as follows. ■ 
(1) Forl^ I, 



ei + zf2 fi + z 
zfo + z^ eo - zf2 



(2) For I > 2, 



ei fi 1 

£2 /2 1 



z 

zfo z 



■•• 1 

fl 



B 





Ul 1 




U2 






1 






1*2 1 




z 





(2.70) 



Ul 1 
Mo 



(2.71) 



Let dz be the ^^-derivation of Ai[z] that maps z to 1. 
Proposition 2.10 For any C-derivation dt of Ai[z] that maps t to 1 and z to such that 

[zd, + L,dt + B]^ 0, (2.72) 
the following formulas hold: for I — 1, 2n, 

dtfi = df„ dta, = 0, dth = 0, (2.73) 

and for I = 2n+ 1, 

dtfi^jdfi, dtai^O, dth^O, (2.74) 

where = 1 — ei + eo, = — ej+i (1 < i < I), and k — 1. Namely, dt defines the 
quantum Painleve system for /j. 
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Remark 2.11 The condition \2. 72^ determines a C-derivation dt of Ai up to the action 
on Ui. Examples of such a derivation can he constructed with the Hamiltonian Hq. 

Proof. When / = 1, the condition (j2.72j) is equivalent to the following system of equations 

9*6, = 0, dtf2 = fi-fo, (2.75) 

9t/o = /o/2 + /2/o + 62-61 + 1, (2.76) 

dtfi = -fif2-f2fi + ei-e,. (2.77) 

Hence, we have the formulas ()2.73|) . 

When I >2, the condition ()2.72|) is equivalent to the following system of equations 

dtei = eiUi - UiCi, (2.78) 
fi - fi+i = Ui- Ui+2, (2.79) 
dtfi = -Uifi + fiUi+i + ai, (2.80) 

with indices understood as elements in Z/(/ + 1)Z. From the equations (j2.78p . we have 
dtai = 0, and the equations (j2.79|) are the defining relations (j2.68|) . Moreover, one can 
eliminate variables Ui from the right hand side of the equation ()2.80|) by using ()2.65p . 
^rm . (ITT)7|l . and ^M>- Then, one obtains the equations (IT7H1) and dTTIj) . We 

explain the procedure in detail. Note that inserting ()2.65|) into ()2.8U|) . we have 

dtfi = fi{-Ui + Ui+i) - h + ai. (2.81) 

Case I = 2n: From ()2.79|) we get 

n n 

y~^(/i+2r-l — /t+2r) = ^^('Wj+2r-l " Ui+2r+l) = —Ui + Ui+i- (2.82) 
r=l r=l 

From (El^Tll and (IT^ we obtain 



dtfi = fi ^(/i+2r-l - /i+2r) -h + 

= fi I ^ /j+2r-l I — I ^ fi+2r | fi + 



ai 



. r=l / \r=l 



Thus, we have ()2.73|) . 

Case / = 2n + 1: From ()2.79j) we have 



^if2r - /2r+l) = X](^^2r " ^^2r+2) = 0, (2.83) 
r=0 r=0 

hence, we have 

n n ^ 

5^/2. = J]/2.+i = -. (2.84) 

r=0 r=0 
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From we get 

n n 

^ dtfi+2r = ^(/i+2r(-^i+2r + «i+2r+l) + ai+2r " h) . (2.85) 
r=0 r=0 

For each r = 1, . . . , n, we define -Br G Ai by the following relation: 

Ui+2r - Ui+2r+l = Ui - Ui+i + Br- (2.86) 

Then, from ()2.79|) we have 

r n+1 r~l n 

Br = ^/?;+2fc-l — ^ fi+2k-l — ^/j+2fc + ^ /i+2A;- (2.87) 
fc=l k=r+l k=l k=r+l 

From and ^TE^ we have 

2 f 1 " 1 

-Mi + Mi+i = ^ S 2 5Z fi+^rBr - ^ ai+2r + (« + l)/i > . (2.88) 

t r=l r=0 J 

Inserting (jTHH)) into (fTHTj) . we have 

t f 1 " " It 

2^t/i = ^ 2 ^ " ^ + (n + l)/i ^ + - (-/i + a,). (2.89) 

Substituting ()2.87p for Br, we have 

^ f 1 z' ^ " 

-^dtfi ^ 2 ~^ ^ ( ^ /i+2fc-l ~ ^ fi+2k~l — ^ /i+2fc + ^ /i+2fc 

I r=l \fc=l fc=r+l k=l k=r+l 

1 t 

-^ai+2r + (n+l)/i^ +-(-/i + «i). (2.90) 

r=0 J 

Since 

n r n r 

/j+2r fi+2k-l = fi+2k~l fi+2r - nh, (2.91) 

r=l fc=l r=l fc=l 

and 

n / r—1 n \ 

E /.+2r - + 5^ f^-,2k = 0, (2.92) 

r=l \ k=l k=r+l / 

we obtain 

^ f 1 " " 1 

2^t/i =/i j 2 ~'~ ^ ^ fi+2k-lfi+2r — ^ ^ fi+2rfi+2k-l — ^ aj+2r + /i > 
t r=l fc=l r=l k=r+l r=0 ) 
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— fi I fi+2k-lfi+2r | " I fi+2rfi+2k-l 1 /i + ^ /i+2r 

\l<fc<r<n. / \l<A,<r<n / r=l 

/ 1 " \ " 

+ /i I 2 - ai+2r j + /i/i + ^ fi+2r{-h + a,) 
\ r=0 / r=0 

= fi I fi+2k-lfi+2r | " I fi+2rfi+2k-l | /j 

\l<fc<r<n. / \l<A;<r<n / 

+ fi\\-^ «i+2r ) + «i /i+2r- 
\ r=0 / r=l 

Thus, we have (ITTl) . □ 

As in the classical case jTT] , from the viewpoint of the Lax representation, the origin 
of the affine Weyl group symmetry for the quantum Painleve systems can be explained 
as follows. 

Let Gi{z),A{z) be matrices of Mi+i^i^i{Ai[z, z~^]) defined by 

Go{z) = l + ^z~'E,,i+,, G,(z) = l + ^E,+i, {l<t<l), 

Jo Ji 

I 

H^) = ^Ei^i+i + zEi^i+i, 



1=1 



where Eij is the matrix unit with 1 at the entry and for other entries. 
We define the action of w = sq, si,tc on Ai as follows: 

zd, + w{L) = G^{z) {zd, + L) {G^{z))-\ 
dt + w{B) = G^{z) {dt + B) {G.^{z))-\ 

where G^ = Gi for w = so, ■■■ , si and = A. Then, from the definition, the action of 
Sq, . . . , si,iT on Ai commutes with the derivation dt that satisfies ()2.72|) . It can be seen 
that the action of Sq, . . . , S;, tt for /j, is nothing but the action ()2.28|) of Sq, . . . , S;, vr on 



3 Continuous limit 

3.1 Discrete system 

We construct a quantum discrete system with affine Weyl group symmetry of type 
in the same way as in ^2|- We introduce the shift operators Tj (1 < i < / + 1) by 

Ti = TTSiSi^i- ■ ■ Si, 
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T2 = SiTTSiSl-i ■ ■ - 52, 



T, 



l+l 



sisi-i ■ ■ ■ Sin. 



Then, we have the following relations: 



Ti rri rri rri rri rri 

i-'- 3 ~ j-'-ii 1 ■ ■ ■ J-l+l 

TAa. 



k, Ti(ai 



-J 



We consider the shift operator Tj as the time evolution operator. Since Tj = tt^^^Titt^ 
for j = 2, ...,/ + 1, in the following we take Ti without loss of generality. The quantum 
discrete system with Ti as its time evolution operator has the form 



fi[n + l] = G,[n] (0<2</), 



(3.1) 



where fi[n] stands for Ti{fi), Gi[n] is a rational function of for each i 

0,1,...,/. 

For example, when 1 = 2, the quantum discrete system is written as follows: 



/o[n + i] = /iH + 



ao[n] a2[n] + ao[n\ 



fo[n] «o 
f2[n] - 



n 



fo[n] 



f \ / [ 1 "'oW 

fi[n + IJ = /2M - ^TT' 



/2[n + l] = /oM + 



0:2 M + aoN 



(3.2) 



/2M 



aQ[n 



fo[n] 



For each / > 2, the quantum discrete system (j3.ip has the affine Weyl group symmetry 
of type because automorphisms SqSiSo, S2, . . . , s/ of /C; commute with Ti, and SqSiSo, 

S2, . ■ . ,si define a representation of the affine Weyl group of type a[^-^. Therefore, if one 
can take an appropriate continuous limit of this discrete system, one would obtain a 
continuous system with affine Weyl group symmetry of type A[^-^ in ICi. 

Indeed, we can take an appropriate continuous limit if / is either 2 or 2n + 1 (ra = 
1, 2, . . .). We shall see how to take a continuous limit in the next subsection. 



3.2 How to take a continuous limit 

When / = 2, we obtain the quantum second Painleve equation as the continuous limit, and 
when / = 2n + 1, we obtain the quantum Painleve system of type A^J as the continuous 
limit as we shall see below. 

Informally, we consider the continuous limit as follows: First, we introduce the param- 
eter e called the lattice parameter, and then we introduce the continuous time variable t 
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such that t — ne, where n is the discrete time variable. Second, for a function of n we set 

/W = + + H , (3.3) 

where j/j is a function of t. Third, assuming 

,3.4) 

and comparing the above equation with f[n + 1] = G[n], where G[n] is a function of f[n], 
we obtain the derivative dyi/dt. The differential equations for dyi/dt (i = 0, 1, . . .) are its 
continuous limit. 

Now we will take the continuous limit for the case where / = 2n + 1. We can define 
the skew field over C with the generators (3i < i < I), h' and the following 
relations 

[Vh = h', [ipi, ipj\ =0 

bi,/3,]=0, [A,/3,]=0, 

[(^,, t] = [A, t] = [(^,, h'] = [A, h'] = [t, h'] = 0, 

</?0 + </'2 H h </?2n = 0, </?l + </73 H h </?2n+l = 0, 

/3o + /3i + --- + A = 1, 

where the indices 0, 1, . . . , / are understood as elements of Z/(/ + 1)Z. Also, since /o + 
/2 + • • • + /2n, /i + /s + • • • + /2n+i £ are central elements in K,i and invariants of the 

action of the affine Weyl group W , we put these elements as a constant in this quantum 
discrete system. In particular, we set /o + /2 H h /2n 1, /i + /s H ^ /2n+i 1- 

Lemma 3.1 Let J-i{e) he the quotient skew field of the polynomial ring J^i[t] with coeffi- 
cients in Ti- We can define the homomorphism : /C; — > J-i{e) as follows: 

^(/o) = 1 + e(^o, ^(/i) = 1 + ev^i, ^(/.) = e^,{2<t< I), 

^^J(ao) = -1 + et + e^Po: ^(cti) = 1 - et + e^A, = e^A (2 < i < 0> 

Proof. One can show that ^ preserves the defining relations by using the definition of 
K.I and J^. □ 

We introduce the elements ■0? and 7, of (0 < i < Z — 1) by 

^0 = V^o + V^i + ^, = (^i+i (l<i </-!), 
7o = A + A, 7i = A+i (l<^ </-!)• 

We denote sqSiSo, S2, . . . , by ro, ri, . . . , r^-i, respectively. 
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We can define the action of the subgroup W = (Ti,ro, . . . ,t/-i) of W on J-'i{e) as 
follows: 

Ti(e) = e, Ti{t)=t + e, T,{f3i) = (3i {t = 0,...,l), 

T,(i:,) = ^IliM. (z = l,...,/-l), (3.5) 
e 

and for each i = 0, — 1, 

ri(e) = e, rj(t) = t, 

'^ilTi) = Ij - liO-ij (j = 0, 1), 

r.{^,) = ^^^^ (j = l,. ..,/-!), 

ro(/?o) = -/?!, n(/?o) = /?o + A, r,(/?o)=/?o (1 < « < / - 1), (3.6) 

where ^4 = (ajj)'~4o is the generalized Cartan matrix of type ()2.25p . Then the 

homomorphism is an ly-intertwiner. 

We have the next lemma from the action of (Ti, tq, . . . , ri_i) on J^i(e). 

Lemma 3.2 Lei ^/[[e]] be the ring of the formal power series with coefficients in J-'i. 
Then, we can define the action ofW on J^;[[e]] hy the relations \3.5]) . \3.b]) . Furthermore, 
for (j) E we have 

Ti(0) = + e0, for some G J^i[[e]]. (3.7) 
Proof. We can directly compute Vilipj) and obtain 

Tiitpj) = ipj + -j-Uij + e(j), for some (f) G J^i[[e]], (3.8) 

where U = (uij)-jLo as in (IT^ . 

For z = — 1, one can prove inductively that the following formulas hold: 

^ns, . . . .,+!(/,) = 11 + ^5^^+^ - + + ^0 - t) + for even z 

^^•'^ \ 1 + e(v9i+i - + • • • - + <^o) + for odd z ^ ' 

where is some element of ^i[[e]]. Applying these formulas to 

Ti{fi+i) = TTSr • ■ Si+2(/i+i) + TTSr • • Si+i (3.10) 

for i = 1, — 1, we obtain that Ti{ipi) = ipi + ecp for some G ^/[[e]]. As a result, we 
obtain the formulas ()3.7|) . □ 

From Lemma [3. 2| we can define the following C-derivation d of J-'i. 
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Definition 3.3 We define the C-derivation d of by 



(3.11) 

e=0 



for (p e J^i. 



From Lemma it holds that (eJ?-i[[e]]) C eJF;[[e]], hence the actions of ro, . . . ,ri^i 
on J^i = J^i[[e]]/eJ-'i[[e]], are induced. Then we have the next Theorem. 

Theorem 3.4 (1) The C-derivation d of J-'i acts on ipi (i = 0, ... ,1 — 1) as follows: 

dlpi = I ^i+2r-l ) - I X] ^i+2r j + 7i- (3.12) 

\l<r<n / \l<r<n / 

(2) The action of r^, . . . ,r;_i on J-'i commutes with the derivation d. 
Proof. (1) For i = 1, . . . , Z — 1, we define the elements a,, bi G J-'i by 

-^TTSr-Si+iifi) = l + eai + e% + e^(f) for some G J^j[[e]]. (3.13) 

Then, we have 

^TTSi ■ ■ ■ Si+i{fi) =^7rSi ■ ■ ■ Si+2{fi - 7^) 

Ji+l 

=e(/?i+i - {-1 + et + e2(A+2 + ■ ■ ■ + A + /?o)} 

X {1 - ea^+i - e2(6i+i - a\-^} + e^^' 
=1 + eai + e2(tai+i - (A+2 + ■ ■ ■ + A + /5o + - a-+i)) + e^^", 

where 0' and 0" are some elements of J^;[[e]]. Consequently, by using ()3.9|) and ()3.10|) . we 
have 

(y. ■ 

^Ti(/j+i) =^(7rsi ■ ■ ■ Si+2(/i+i) + TTSr ■ ■ Si+i(y)) 

= 1 + eoi+i + e^foi+i + {-1 + et + e2(A+i + ■ ■ ■ + A + /^o)} 

X {1 - eai + 6^(^+2 + ■ ■ ■ + A + /5o + - a-+i - ta^+i + a- )} + e^0'" 
=e(ai+i + + t) + e^(A+i + a-^^ - a,^ + t(aj+i - a^)) + e^0"", 

where 0"' and 0"" are some elements of ^i[[e]]. From (j3.9j) . for even we have 

d'^i =A+i + - + t(aj+i - aj) 

=7i + (v2i+2 - + . . . - V^i + V^o)^ - (V^i+l - V5i+2 + . . . + V^i - '/'o - ^)^ 
+ t{t - ifi+i - 2{-ifi+2 + . .. + (pi- (poj) 

='^i - V9i+l(-V5j+2 + . . . + - v^o) + 
- (-¥^1+2 + ... + </?/- ¥?o)</'i+i - V'^+i 
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r=l r=l 
n n 

r=l r=l 

For odd i, one can compute it in a similar way. Hence, the formulas ()3.12j) hold. 

(2) The action of ro, . . . , r;_i commutes with the action of Ti. Hence, from the defini- 
tion of the derivation 9, the action of tq, . . . , ri_i commutes with d. [] 

Hence, the derivation d of !F2n defines the quantum Painleve system of type ^2^^ 
However, it is not clear that there is some connection between the derivation d of K,2n 
defined by the Hamiltonian Hq in Section |21 and the derivation d of J^2n defined by the 
time evolution Ti in this section. 

Remark 3.5 In the classical case, a continuous limit of the discrete system constructed 
from a representation ofW{A2^) x (I > 2) in '^101 is the classical Painleve system 

of type A^j^\ If one can quantize the representation 0/1^(^42^'') x iy(y4p''), then one would 
obtain the quantum discrete system whose continuous limit is the quantum Painleve system 
of type Af\ 

An appropriate continuous limit of the quantum discrete system for / = 2 ()3.2|) is the 
quantum second Painleve equation. We can take the limit in the similar way as in the 
case where / = 2n + l, though how to set yi in (j3.3|) is not exactly the same. Let JF2 be the 
skew field over C with the generators ip, ipo, ipi, Po, Pi, P2, t, h' and the following relations: 

h' 

[V',<^i] = y (« = 0,1), [¥?o,¥'i] = 0, 
Pi,t,h' are central, 
/3o + A + /?2 = l. 

Since /o + /i + /2 is central in /C2 and the invariant of the action of W, we put 
/o + /l + /2 = 2. 

Lemma 3.6 We can define the homomorphism \I' : /C2 •^2(e) (is follows: 

^'(/o) = 1 + eV- + eVo, ^(/i) = 1 -e^/^ + eVi, ^(/a) = -e'(</^o + V'l), 
^(ao) = -1 + eH + e^Po, ^(ai) = 1 - eH + e^pi, ^(as) = e^P2, 

Proof. One can show that \E' preserves the defining relations by using the definition of 
IC2 and J^2- □ 
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We can define the action of the subgroup W — (Ti, ro, ri) of W on ^2(e) as follows: 

ri(e)=e, Ti{t)^t + e, Ti(A) = A (i = 0,l,2), 
ri(V') = V + €{2{<po + <Pi) - V'" + 

^ri(/o)-i-6Ti(v>) *ri(A)-i + eTi(V') 

^UV^o) = 5 , J 1(9^1) = 



) ^ IVTl/ n 



and for each i — 0,1, 

ri{e) = e, ri(i) = t. 



ro(^) = ^ - , , , , , — 7^, ri(^/;)=^- 



^nifo) - 1 - enii/j) ^nifi) - 1 + enii/j) 
= -2 , nm) = -2 , 

ro(/5o) = -A, ro(A) = -/5o, ro(/52) =2-/32, 
ri(/3o) = /5o + P2, niPi) =(3i+ (32, n{(32) = -P2. 

Then, the homomorphism ^ is an H^'-intertwiner, and we can define the action of W on 
JF2[[e]] by the above relations. Furthermore, we have 

Tiivo) ^Vo + eii^Vi + <^i^ + iJ^-f4 + Po- /32) + (3.14) 
Ti{ipi) ^ipi + e(V'¥?o + ¥'oV' - V'^ + - /?o) + e^, (3.15) 

ro(^o) =^0 - ^^ + ^/+,_^2 V-(/^o + A) 

+ ^ ,2 (/^o + - Vo^) + 60', (3.16) 

/3o + /3i 

r-0 =¥'1 — —7 — T^i^ 

+ ^ \, ,2 (/^i + - ^li^) + (3.17) 

where (j), 0', and 0" are some elements of ^2[[e]]- Hence, we can define the C-derivation d 
of J^2 by 

Ti(0)-0 
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(3.18) 



e=0 

for e J^2, and on J^2, the actions of Tq, ri are induced. Then we have the next theorem. 

Theorem 3.7 (1) The C-derivation d oj T2 acts on ip, (po and tpi as follows: 

^2{ipo + ipi) -^^ + t, 
d(fo = ipipi + (flip + - tip + (3o - (52, dipi = il^ipo + ip^tp -tp^ + tip - (5q. 

Therefore, we have 

SFiP = 2^^^ - 2tip - 2(32 + 1- (3.19) 
(2) The actions of r^, ri on T2 commute with the derivation d. 
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In the classical case h' = 0, the equation ()H.19|) is nothing but the classical second 
Painleve equation Pn- We call the equation ()H.19j) the quantum second Painleve equation. 
Also, putting /o = -(v?o + ^i), fi = 'fo + <fi+t- ijj'^, /2 = ()3.19|) reduces to ()1.6|) . 
However, in the same as / = 2n case, it is not clear that there is some connection between 
the derivation d of /Ci defined by the Hamiltonian Hq in Section |21 and the derivation d 
of J^i defined by the time evolution Ti in this section. 



A Appendix: Properties of the Hamiltonians Hj 

In the following, we introduce a family of Hamiltonians Hi, . . . , Hi, by the diagram rota- 
tion. Namely, 

H, := 7r(i7,_0. (A.l) 

In the classical case, these Hamiltonians have some remarkable properties in relation 
with the action of W. 

Proposition A.l With respect to the action of the affine Weyl group W \2.21 ) and 
\2.2^) . the Hamiltonians have the following: 
(1) Forl = l,2n, 

s^{Hj) = H, + 5.,,k^ ii,j = 0,...,l). (A.2) 
Jj 



(2) For / = 2n + 1, 



Si(Hj) = Hj + Sijk^Xj (i, J = 0, . . . , I), (A.3) 

jj 



where the index of Xj \2.51]) is regarded as in Z/2Z. In particular, the Hamiltonian Hj is 
invariant with respect to the action of the Weyl group W{Ai) = {sq, . . . , sj-i, sj+i, . . . ,si). 

Proof. This proposition is a generalization of Proposition 12.71 From ()2.3H) . ()2.32|) . by 
using the definition of Hj ()A.1|) and the relation vrsj = Sj+ivr, we obtain the formulas 
frO|) . (|X3|l respectively. □ 

Proposition A.2 (1) In the case of A2I, for each j = 0, . . . , 2n, one has 

-Hj = kJ2 f,+2r - T^^x, (A.4) 



2n + l 



where x = /o + /i + ■ ■ ■ + /zn (^J^- 

^(1) 



(2) In the case of A'^^^-^^, for each j = 0, . . . ,2n + 1, one has 

l<r<s<n K(^S2 i=0 
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Proof. For / = 2,3, we can prove through direct computations. For I = 2n [l = 2n,n > 
2), we have 



2n 

KeSs i=0 
2n 

E fK + J2^{x{r\{^-l}))U 

Hence, 

2n 

Hi-Ho = Y, ^ixir\{^ - 1}) - xir\mU (A.6) 

i=0 

Computing 7r(x(r\{i — 1}) — x(r\{«})) from the definition, we obtain 

(z = or z = odd) 

(A.7) 

(z 7^ 0, z = even) 
Therefore, we obtain 

j=0 r=l r=l 

Similarly we can show the formula in the case where I = 2n + 1 {n > 2). [] 

In the classical case, we have r-functions tq, . . . ,ti such that hj = k{\ogTj)', where hj 
is the classical Hamiltonian corresponding to quantum Hamiltonian Hj. The affine Weyl 
group symmetry lifts to the level of r-functions. In fact. Proposition lA. II and Proposition 
IA.2I illustrate how to lift the affine Weyl group symmetry to the level of r-functions. 

Unfortunately, the formulation of r-functions in the quantum case is not completed 
yet and we hope to report on this in a near future. 

Acknowledgements 

The author is grateful to Koji Hasegawa for suggestions and encouragements. He had 
drawn the author's attention to his preliminary draft written about a quantization of 
Kajiwara-Noumi-Yamada's realization of the affine Weyl group of type A\^\ and he 
suggested that a continuous limit of the quantum discrete system constructed from that 
quantization would give the quantum Painleve system. Also the author would like to 
thank Gen Kuroki for comments and discussions. 



nk 



Ax{r\{^ ~ I}) - xir\m 



2n + l 
{n+ l)k 

2n + l 



24 



References 

[1] Adler, V. E.: Nonlinear chains and Painleve equations. Phys. D 73 (1994), no. 4, 
335-351 

[2] Babujian, H. M. and Kitaev, A. V.: Generalized Knizhnik-Zamolodchikov equations 
and isomonodromy quantization of the equations integrable via the Inverse Scattering 
Transform: Maxwell-Bloch system with pumping. J. Math. Phys. 39 (1998), no. 5, 
2499-2506 

[3] Bjork, J. E.: Rings of Differential Operators. North-Holland Publishing Company, 
1979 

[4] Felder, G., Markov, Y., Tarasov, V., and Varchenko, A.: Differential Equations 
Compatible with KZ Equations. Math. Phys. Anal. Geom. 3 (2000), no. 2, 139-177 

[5] Gambler, B.: Sur les equations differentielles du second ordre et du premier degre 
dont I'integrale generale est a points critiques fixes. Acta Math. 33 (1909), 1-55 

[6] Harnad, J.: Quantum isomonodromic deformations and the Knizhnik-Zamolodchikov 
equations. Symmetries and integrability of difi^erence equations (Esterel, PQ, 1994), 
155-161, CRM Proc. Lecture Notes, 9, Amer. Math. Soc, Providence, Rl, 1996 

[7] Jimbo, M., Miwa, T., and Ueno, K.: Monodromy preserving deformation of linear 
ordinary differential equations with rational coefficients 1. General Theory and r- 
function. Phys. D 2 (1981), no. 2, 306-352 

[8] Jimbo, M. and Miwa, T.: Monodromy preserving deformation of linear ordinary 
differential equations with rational coefficients 11, 111. Phys. D 2 (1981), no. 3, 407- 
448; Phys. D 4 (1981/82), no. 1, 26-46 

[9] Kajiwara, K., Noumi, M., and Yamada, Y.: A study on the fourth g-Painleve equa- 
tion. J. Phys. A 34 (2001), no. 41, 8563-8581 

[10] Kajiwara, K., Noumi, M., and Yamada, Y.: Discrete dynamical systems with 
W{A^^l^ X A^^l^) symmetry Lett. Math. Phys. 60 (2002), no. 3, 211-219. 

[11] Noumi, M.: Affine Weyl group approach to Painleve equations. Proceedings of the 
International Congress of Mathematicians, Vol. Ill (Beijing, 2002), 497-509, Higher 
Ed. Press, Beijing, 2002 

[12] Noumi, M. and Yamada, Y.: Affine Weyl groups, discrete dynamical systems and 
Painleve equations. Comm. Math. Phys. 199, (1998), no. 2, 281-295 

[13] Noumi, M. and Yamada, Y.: Higher order Painleve equations of type ^4^^ Funkcial. 
Ekvac. 41 (1998), 483-503 



25 



[14] Noumi, M. and Yamada, Y.: Symmetries in the fourth Painleve equation and 
Okamoto polynomials. Nagoya Math. J. 153 (1999), 53-86 



[15] Noumi, M. and Yamada, Y.: Affinc Wcyl group symmetries in Painleve type equa- 
tions. Toward the Exact WKB analysis of differential equations, linear or non-linear 
(Kyoto, 1998), 204, 245-259, Kyoto Univ. Press, Kyoto, 2000 

[16] Okamoto, K.: Studies on the Painleve equations. I: Ann. Math. Pura. Appl. (4) 
146 (1987), 337-381; 11: Jap. J. Math. 13 (1987), no. 1, 47-76; 111: Math. Ann. 275 
(1986), no. 2, 221-255; IV: Funkcial. Ekvac. 30 (1987), no. 2-3, 305-332 

[17] Painleve, P.: Memoire sur les equations diffcrcnticUcs dont I'integrale gcncrale est 
uniforme. Bull. Soc. Math. France 28 (1900), 201-261; Sur les equations diffcrentielles 
du second ordre et d'ordre superieur dont I'integrale generale est uniforme. Acta 
Math. 25 (1902), 1-85 

[18] Reshetikhin, N.: The Knizhnik-Zamolodchikov System as a deformation of the 
Isomonodromy Problem. Lett. Math. Phys. 26 (1992), no. 3, 167-177 

[19] Vcsclov, A. P. and Shabat, A. B.: Dressing Chains and the Spectral Theory of the 
Schrodinger Operator. Funct. Anal. Appl. 27 (1993), no. 2, 81-96 



26 



